Introduction.
Operating in Euclidean three-space, E3, with u, v, w designating vectors and e, t, n designating unit vectors, let vip) be a continuous vector field defined in the neighborhood of the point po. Also let C"ipo, r) represent the circle with center p0 and radius r, lying in the plane through po normal to n, oriented by the usual right-hand rule. Define the upper circulation per unit area of v at po in the direction n, designated by D*vip0), as follows:
where / designates the unit tangent and ds the differential of arc length. Similarly define the lower circulation per unit area, D*nvipo), using lim inf. If Dnvipo) =D*vipo) and both expressions are finite, designate this common value by Dnvipo) and call it the circulation per unit area of v at po in the direction n.
The curl of v is said to exist at the point po if Dnvipo) exists for every unit vector n and if, furthermore, there exists a vector w such that w-n = DnVÍpo) for every unit vector n, w is then called curl vipo).
The curl of v will be said to exist uniformly at po, if curl vipo) exists and if, furthermore, lim iwr2)-1 I vtds = m-curl vipo),
'-"> Jc"(p0,r) uniformly in n. It is clear that if vip) is in class C1 in a neighborhood of the point po, then the curl of v exists uniformly at the point po.
The above definitions are classical and can be found in most of the standard books on advanced calculus. In particular, pictorial illustrations of the above discussion can be found in [l, p. 351; 2, p. 278].
The following theorem will be proved in this paper:
Theorem. Let vip) be a continuous vector field defined in an open set REE3.
Suppose there exists three mutually orthogonal unit vectors eu e2, ez, and a constant K such that \ D*vip) \ ^K and | D*e.vip) \ ^K for p in R andj= 1, 2, 3. Then curl v exists uniformly almost everywhere in R. 2. Proof of theorem. With no loss in generality, we can assume that E3 has the usual Cartesian coordinate system with p in E3 given by p = (xi, x2, x3) and that e¡ is the unit vector e¡ in the direction of the xy-axis,/= 1, 2, 3. Furthermore, we can assume that P is the interior of the unit ball in E3. Then it follows from the proof in 
and let C"(po, n) ER-Then with D"(po, ri), designating the closed disc having Cn(po, r{) as its boundary, we observe that u(p) can be considered as a two-dimensional vector field defined on the two-dimensional set D"(p0, rx). Furthermore, it follows from (1) that for p in Dn(po, ft), Hm supr..o inr2)~l\ fcn(,P,T)U • tds\ g3A. Consequently, by [4, Theorem 2] , for almost every p in D"ipo, fi), But D*vip) and D*nvip) are respectively the right and left sides of (2) , and the conclusion of the lemma therefore follows from Fubini's theorem and the fact that D*vip) and D*nvip) are Borel measurable functions in R.
Next, for fip) a Borel measurable function defined almost everywhere in R which is, furthermore, essentially bounded on every compact subset of R, we define for p in 5(0, r) where 0<r<l and 0<A<l-r, the iunction fhip) = iiirhz/3)-lfBlo.h)fip+q)dq. We say that fip) is mean-continuous at po if fip) is defined at po and if fhipo)->fipo) as h->0. It is clear that for fixed h, fhip) is continuous in BiO, r). Furthermore, it is well known that if fip) is continuous in R, then fhip) is in class C1 in 5(0, r).
We next define for p in 5(0, r), with h and r as above, the vector field Vhip) to be the vector field whose ßyth component at p is Dividing both sides of (3) by Trr2 and passing to the limit as ri->0, we obtain DnVhipo) from the left side of (3). From (1), Lemma 1, and the Lebesgue bounded convergence theorem, we obtain [Dnv]hipo) from the right side of (3), and Lemma 2 is established.
By Lemma 1, Dnvip) is a bounded Borel function defined almost everywhere in R. Set Qn={p\p in R and Dnv is mean-continuous at p}. By Lebesgue's theorem, R -Qn is a set of Lebesgue measure zero.
The following lemma then holds: Using the fact that p0 is in Qe¡Qe,Qe¡Qn, (4) follows immediately from (5) on passing to the limit as h->0. By a spherical lune, a, we shall mean one of the four possible twodimensional closed sets determined by two great circles on a sphere. \a\ will designate the two-dimensional area of a, and do-will be oriented with respect to the outer normal of the sphere. Before proving the theorem, we note that if n and no are two unit vectors with \n -n0\ <e, e>0 and small, and if ax and a2 are the two smaller spherical lunes determined by Cn(p, r) and Cn<i(p, r), then (6) I oi| ^ eirr2 for* = 1,2.
We now prove the theorem. Select a countable set {»/}¿+i of unit vectors with nj = e¡ for/= 1, 2, 3, which is dense in the set of all unit vectors, and set Q= Hjli Q»j-Clearly, P -Q is of Lebesgue measure zero.
Next, let p be given in Q and define w(p)= Z*-i D>j°iP)ej-We propose to show that given e>0 and small, there exists r0 (which depends on p and e) such that if 0 <r ^r0, then for every unit vector n 
